In this paper, we analyze the embedding cell method, an algorithm which has been developed for the numerical homogenization of metal-ceramic composite materials. We show the convergence of the iteration scheme of this algorithm and the coincidence of the material properties predicted by the limit with the effective material properties provided by the analytical homogenization theory in two situations, namely for a one-dimensional linear elasticity model and a simple one-dimensional plasticity model.
Introduction
Many materials relevant for technical applications, such as composite materials, have a microstructure and hence their material parameters vary on small length scales. The numerical simulation of the behavior of such materials is a challenging task because for resolving the microstructure the mesh grid size of the discretization has to be chosen very small such that the computational effort is very high. But since effects of microstructures often average out on macroscopic length scales, it is sufficient in many situations to compute the effective material behavior on macroscopic scales.
An important mathematical strategy to determine the effective material behavior is the application of so-called homogenization processes. The general idea of homogenization is to replace a multiscale problem by a homogeneous problem with the same effective properties. In analytical homogenization theory, the homogeneous problem is obtained as the limit of a sequence of multiscale problems with faster and faster oscillating parameters, and formulas for the homogeneous parameters of the limit problem are provided; see, for example, [2] . However, in general, it is difficult to compute the values of the homogeneous parameters explicitly. Therefore, it is necessary to develop numerical homogenization processes.
Such a numerical homogenization process is given by the so-called embedded cell method, an algorithm which was developed by Dong and Schmauder [3, 5] to compute the stress-strain curves for metal-ceramic composite materials or more generally for particle or fiber reinforced materials. These materials are of great importance for the automotive industry, e.g., for rotor brakes, the aerospace technology, e.g., for lightweight elements, or the medical technology, e.g., for implants. The basic idea of the embedded cell method is to replace the metal-ceramic composite material with its complex geometry by a so-called embedded cell consisting of a connected component of ceramic particles surrounded by a metal matrix (or vice versa) which is embedded into a dummy material whose material parameters are determined by a self-consistent numerical iteration scheme. The volume ratio between the ceramic and the metallic part of the embedded cell is the same as in the original composite material. The volume of the dummy material is larger than the volumes of the ceramic and the metallic part such that the influence of the geometry of the exterior boundary of the dummy material on the embedded cell can be neglected. Having determined the material parameters of the dummy material, the stress-strain curve of the composite material consisting of the embedded cell and the dummy material is computed numerically.
Numerical experiments show that the stress-strain curves obtained via the embedded cell method are often very close to the stress-strain curves of the corresponding original composite materials measured in physical experiments. A first attempt to prove analytic convergence results can be found in [4] . However, the question how the results of the iteration process are related to the exact solutions of the underlying mathematical equations and to the formulas for the effective material parameters provided by analytical homogenization theory remained open. So far, there is no further mathematical analysis of the embedded cell method in the literature.
In general, the effective material behavior of a composite material does not only depend on the volume ratio of its phases, but also on the spatial arrangement of the phases. For example, a stiff material with inclusions of a soft material behaves differently than a soft material with inclusions of a stiff material even if the volume ratios between the stiff and the soft phase are the same for both composite materials. The formulas for the effective material behavior from analytical homogenization theory take into account both the volume fraction and the spatial arrangement of the phases. In contrast, the embedded cell method in its present form respects the volume fraction of the phases, but only allows that one connected component of one phase is surrounded by another phase and the dummy material. Hence, it cannot be expected that the stress-strain curves computed by the embedded cell method always coincide with the stress-strain curves obtained with the help of analytical homogenization theory. Therefore, it is important to investigate for which kind of composite materials and which spatial arrangements of their phases both homogenization methods yield comparable results.
For composite materials whose material parameters vary only in one direction, the effective material behavior is completely determined by the volume ratio of its phases. Consequently, we can prove in the present paper that for a one-dimensional model of linear elastic materials and a simple one-dimensional plasticity model, the embedded cell method converges and the material properties predicted by the limit coincide with the effective material properties provided by analytical homogenization theory.
The plan of the paper is as follows: In Section 2, we present the physical background of our analysis. In Section 3, we introduce the embedding cell method. In Section 4, we prove our convergence and correctness result.
The physical background
In this section, we briefly present the physical background of our analysis. We consider a linear hyperelastic isotropic solid which fills in its undeformed state the domain Ω = (0, 1). The solid is exposed to external forces causing a deformation y : Ω → ℝ and a displacement u := y − Id, where Id is the identical map, respectively. The physical experiment we would like to model is a tensile test for determining the stress-strain curve of the solid. For a given force acting on the right end of the solid, the displacement l > 0 at the right end has to be measured. Since the displacement is uniquely determined by the force, it is equivalent to prescribe the displacement l at the right end and determine the tensile force, i.e. the force needed to deform the material. Hence, for a given displacement length l > 0, the admissible displacement u should satisfy the boundary condition
According to classical elasticity theory, the displacement u of the linear hyperelastic isotropic solid minimizes the strain energy
under the prescribed boundary conditions for u. The function κ is the longitudinal modulus of the solid. The values of κ depend on the given material and are determined experimentally. Hence, the displacement u solves
is as in (2.1). Moreover, the tensile force F = F[κ, l] on the right end of the solid is given by
3) are the basic equations for one-dimensional linear hyperelastic isotropic solids in the experimental setup of a tensile test. For further details on elasticity theory we refer, for example, to [1] .
Since we would like to analyze composite materials, we assume that κ is some step function such that κ is not continuous in Ω. Consequently, we have to consider weak solutions to ( 
In the situations we are interested in we can compute the corresponding weak solutions explicitly in Section 4.
The embedded cell method
The embedded cell method is a numerical scheme to compute the stress-strain curves of composite materials by performing a numerical homogenization process. In this paper, we will consider composite materials consisting, e.g., of a metal matrix material with embedded ceramic particles. The general idea of homogenization is to derive effective properties of a multiscale problem by replacing the problem by an appropriate homogeneous problem. The multiscale properties of metal-ceramic composite materials are a consequence of the different values of the material parameters κ of the embedded material and the surrounding material. As discussed for example in [2] , the mathematical analysis of effective properties of multiscale materials is performed by considering sequences of faster and faster oscillating material parameters.
Let, for example, κ : ℝ → ℝ be periodic and define for δ > 0:
Then the homogenization problem is given by the family of solutions
The aim of analytical homogenization theory is to examine the asymptotic behavior of the solutions (u δ ) δ>0 for δ → 0. In particular, it is of great interest to study if a limit exists, which equation the possible limit solves and which is the homogeneous coefficient of this effective equation, the so-called effective longitudinal modulus. The idea behind this is that the effective behavior of a multiscale material should be given by such a limit and by the effective material parameters of its equation. An essential result of analytical homogenization theory is the following theorem. Theorem 3.1 (Homogenization). Let l ≥ 0 and (κ δ ) δ>0 ⊂ L ∞ (Ω) be defined as above and let (u δ ) δ>0 ⊂ W l be the corresponding family of solutions to (3.1) . Then there exists a unique u hom ∈ W l and a constant κ hom ∈ ℝ, called effective longitudinal modulus, such that
Proof. The result is proven in [2, Theorem 10.11] for different boundary conditions. However, the proof in the case of our boundary conditions can be done analogously.
However, in general, it is difficult to compute κ hom and u hom , and to approximate u hom by u δ with small δ would be hard to handle numerically because of the very fast oscillating coefficients. Therefore, instead of solving the above analytical homogenization problem numerically, the basic idea of the embedded cell method is to replace the complex geometry of this problem by a so-called embedded cell, which is embedded into a dummy material; see Figure 1 .
The material parameter of this dummy material is iteratively determined by the following scheme. In the one-dimensional case, this scheme is given by Algorithm 3.2.
Algorithm 3.2 (Embedded cell algorithm for 1D linear hyperelastic isotropic materials).
Data: material parameters κ met , κ cer , deformation length l. Result: dummy material parameter κ dummy . 1: Make initial guess for κ dummy (0). 2: for n = 1, 2, . . . do 3: Find equivalent material parameter κ equiv (n) for the material with dummy material parameter κ dummy (n − 1).
4:
Set κ dummy (n) = κ equiv (n). 5: end for.
It is clear that the crucial step in Algorithm 3.2 is to determine the equivalent longitudinal modulus κ equiv which is defined the following way. Since the deformation of a homogeneous one-dimensional linear hyperelastic isotropic material with deformation length l > 0 is given by u(x) = lx, we obtain by using (2.4) that
Next, the geometry of the embedded cell should be specified in more detail. Therefore, let Ω m , Ω c ⊂ Ω be the areas of the metal and the ceramic, respectively, and let Ω c ∪ Ω m = Ω. Then a decomposition of Ω is introduced by Ω =Ω m ∪Ω c ∪Ω dummy , whereΩ m ,Ω c ,Ω dummy are pairwise disjoint subdomains of Ω. According to [3] , this decomposition is defined in the following way:
where |G| denotes the length of G ⊂ ℝ. With this specifications the embedded cell method can be formulated in all details. In the one-dimensional case, it is given by Algorithm 3.4.
Algorithm 3.4 (Embedded cell algorithm for 1D linear hyperelastic isotropic materials (detailed)).
Data: material parameters κ met , κ cer , deformation length l. Result: dummy material parameter κ dummy , tensile force F ECM . 1: Make initial guess for κ dummy (0) by defining κ dummy (0) := |Ω c |κ cer + |Ω m |κ met . 2: for n = 1, 2, . . . do 3: Compute the displacement u n−1 ∈ W l by solving ∫ Ω κ n−1 (u n−1 ) v dx = 0 for all v ∈ W 0 , with κ n−1 = χΩ c κ cer + χΩ m κ met + χΩ dummy κ dummy (n − 1).
4:
Compute the tensile force F n := F[κ n−1 , l] from u n−1 .
5:
Regain the equivalent material parameter from F n by using κ equiv (n) = F n l −1 . In numerical experiments, the limits κ dummy and F ECM have to be replaced by κ dummy (N) and F N for a sufficiently large N which has to be determined by an appropriate stop criterion. Now, let κ hom , u hom and F hom be the result of the above analytical homogenization procedure. Then the question of the correctness of the embedded cell method means: (i) Do the limits (3.4) and (3.5) exist? (ii) Do the identities κ dummy = κ hom and F ECM = F hom hold?
Correctness of the embedded cell method
It is the goal of this section to prove the correctness of the embedded cell method in one dimension. In this case, the proof can be performed by explicit calculations. Let Ω = (0, 1), let l ≥ 0 and let κ be some step function. We start with some periodic order of the materials, and therefore consider κ with
and q ∈ ℤ. Then we define κ n (x) = κ(2 n x).
For l = 0 the boundary value problem (2.2)-(2.3) with κ = κ n is solved by u = u n = 0. For l > 0 and κ = κ n the weak solution u = u n of (2.2)-(2.3) is determined by
for all v ∈ W 0 . Hence we have independently of n that
and so
The corresponding tensile force is then given by
and therefore also independent of n. Consequently, we obtain As above we find that the weak solution u = u n of (2.2)-(2.3) with l > 0 and κ = κ n is determined by
Hence we have 
Since the right-hand side of (4.1) defines a contraction, there is a unique fixed point
Finally, the tensile force F ECM obtained from the embedded cell method is given by
which is exactly the same as above. Hence, we have proven the following theorem. 
, and the sequence (F n ) n∈ℕ defined in Algorithm 3.4 converges to
Moreover, we have κ dummy = κ hom and F ECM = F hom .
The calculations made above for periodic materials do not actually depend on the distribution, i.e. they also hold for any other material function κ : ℝ → {κ met , κ cer } with the property that
for δ ↘ 0. Before using this observation to prove a generalized homogenization result, the definition of a random material function has to be given. where the probability that a| Y q = κ met is |Ω m |, and therefore the probability that a| Y q = κ cer is |Ω c |.
There exists a probability measure P such that (X, A, P) is a probability space. Here, A is the σ-algebra of measurable subsets of X. By using this framework and the law of large numbers, the following theorem can be proven. 
Then for almost all material functions ω in X we have
Proof. According to the remark above, it is sufficient to show property (4.2): In order to do so, consider a sequence of Bernoulli random variables (X q ) q∈ℤ , i.e. the X q are random variables which assign only the two values 0 and 1 with probabilities P[X q = 0] = |Ω m | and P[X q = 1] = 1 − |Ω m | = |Ω c |. Then every ω ∈ X can be written as
where x q is a realization of the random variable X q . Furthermore, the strong law of large numbers can be applied to the sequence (X q ) q∈ℤ , but also to the sequence (X n ) n∈ℕ . This yields
for almost all realizations of the X n , and since such a realization gives an element ω of the probability space (X, A, P), this means almost surely convergence in this probability space. By summarizing, this yields with δ := n −1 that
holds for almost every ω ∈ X. Notice that this convergence also holds for any arbitrary sequence of δ tending to zero. Thus, (4.2) holds almost surely in (X, A, P).
We will finish this section by illustrating that the embedded cell method can also be applied to elasto-plastic materials. We will show for a simple one-dimensional plasticity model the existence of the limit and that the computed limit gives the correct stress-strain curve of the full problem. Again the answer can be obtained by explicit calculations. We extend the previous modeling of the metal by choosing a simple nonlinear stressstrain curve for metal, namely For simplicity, we consider a mixture 1/1 of metal and ceramics, and again we have a piecewise linear solution. As a consequence the length of the metal phase is u m /2 and of the ceramic phase u c /2. Moreover, we can restrict ourselves to the case u m > u m,crit since the other case has already been handled. Since the forces in both phases must be the same, we have Because this relation holds for all material distributions with a mixture 1/1 of metal and ceramics, it remains valid if F is replaced by F hom , where F hom is defined as above.
For the embedded cell we use the same geometry as above. The length of the metal phase is now u m /10, of the ceramic phase u c /10, and of the dummy material 4u d /5. Since the forces in all phases must be the same, we have Since l = (u c + u m )/10 + 4u d /5, we find the stress-strain relation (F/κ c + u m,crit + (F − αu m,crit ) 2 /β)/10 + 4F/(5κ d ) = l = F/κ equiv .
The iteration process for the computation of κ dummy is given by (F/κ cer + u m,crit + (F − αu m,crit ) 2 /β)/10 + 4K/(5κ dummy (n)) = l = F/κ dummy (n + 1).
The mapping κ dummy (n) → κ d,n+1 is a contraction, and so the limit κ dummy = lim n→∞ κ dummy (n) exists and F ECM also satisfies relation (4.3).
